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AERONAUTIC SYMBOLS 
I. FUNDAMENTAL AND DEBITED UNITS 



W 

0 

m 
I 



S 

G 
b 

e 

A 
V 

L 
p 

Di 
D, 

O 



length. 
Time- 
Force.. 

Power- 
Speed.. 



Symbol 



I 
t 

F 



P 
V 



Metric 



Unit 



meter 

second 

weight of 1 kilogram. 



horsepower (metric) _ 
/kilometers per hour.. 
\meten per second. . . 



Abbrevia- 
tion 



m 

8 

kg 



kph 
mps 



English 



Unit 



foot (or mile) 

second (or hour)., 
weight of 1 pound 

horsepower 

miles per hour 

feet per second — 



Abbrerii^ 
tion 



ft (or mi) 
seo (or hr) 
lb 



mph 
fps 



2. GENERAL SYMBOLS 



Standard acceleration of gravity =9.80665 m/s* 
or 32.1740 ft/sec* 

Mafls=^ 

Moment of inertia=mP. (Indicate axis of 

radius of gyration k by proper subscript.) 
Coefficient of Tiscosity 



» Kinematic viscosity 

p Density (mass per unit volume) 

Standard density of diy air, 0,12497 kg-m"*-6* at 16® C 

and 760 mm; or 0.002378 Ib-ft"* sec* 
Specific weight of "standard" aur, 1J2255 kg/m* or 

0.07661 1b7ou ft 



3. AERODYNAMIC SYMBOLS 



Area 

Area of wing 
Gap 
Span 

Chord ^ 
Aspect ratio, 
True air speed 
Dynamic pressure, 

lift, absolute coefficient Gt= 



Drag, absolute coefficient Cd=^ 
Profile drag, absolute coefficient C^o- 



Induced drag, absolute coefficient Coi— 
Parasite drag, absolute coefficient Co,- 



ttf Angle of setting of wings (relative to thrust line) 
it Angle of stabilizer setting (relative to thrust 
luxe) 

Q Resultant moment 

0 Kesultant angular velocity 

R Reynolds number, where 2 is a linear dimen- 
sion (e.g., for an airfoil of 1 .0 ft chord, 100 mph, 
standard pressure at 15° C, the corresponding 
Reynolds number is 935,400; or for an airfoil 
of 1.0 m chord, 100 mps, the corresponding 
Reynolds number is 6,865,000) 

a Angle of attack 

€ Angle of downwash 

ao Angle of attaclc, infinite aspect ratio 

ai Angle of attack, induced 

Ofl An^le of attack, absolute (measured from zero- 
lift position) 

y Flight-path angle 



Cross-wind force, absolute coefficient (7c= 
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A THEORETICAL INVESTIGATION OF THE ROLLING OSCILLATIONS OF AN AIRPLANE 

WITH AILERONS FREE 

liv DoiMs Cohen 



SUMMARY 

at Kill/ ft Is Is made of the st ability of an air plane wlik 
a Hero n s free , w Itfi pa rt Ic uhi r attention to th e tnof io n s wh e n th e 
a Hero n s ha ve a fc // d e n cy to jioa t aya I n st th e wl n d . Th e p rese n t 
analysis supersedes the aileron Investlyatlon contained In 
.V^16'^1 Report Xo, 70D. The equations of motion are first 
written to Include yaiviny and stdesllpplny, and It Is demon- 
strated that the p find pal effects oj jreeiny the ailerons can be 
determined mithout reyard to these motions. If the ailerons 
fend to float ayainst the wind and have a hlyh deyree of aerody- 
fiamic balance, rolllny oscillations, in addition to the normal 
lateral oscillations ^ are likely to occur. On the basis of the 
equations includiny only the rolliny motion and the aileron 
deflection, formulas are derived for the stability and dam piny 
of the rolliny oscillations In terms of the hinye-moment derivatives 
and other characteristics oJ the ailerons and airplane, (^harts 
are also presented slumlny the oscillatory regions and stability 
boumlaries for a fictitious airplane of conventional proportions. 
The ejfects of Jriction in the control system are investigated and 
discussed. 

[J the ailerons tend to trail iinth the unnd^ the condition for 
.stable variation of stick force vnth aileron de flection is found to 
determine the amount of aerodynamic balance that muy be used. 
If the ailerons tend to float ayainst the wind, the period and 
damping of the rolling oscillations are found to be satisfactory 
(in a mass-balanced system) so long as the restoring moment is 
not completely balanced out. I nbalanced mass behind the 
hinge J however, has an unfavorable effect on the damping of the 
oscillations and so shifts the boundary that close aerodynamic 
balance may not be attainable, ft is found that friction may 
retard somewhat the dam.ping of the a Heron -free oscillations but 
In no case causes undamped oscillations If the ailerons are 
otherwise stable, 

INTRODUCTION 

The j)robloiu of tJie stiibility of an airplane wiiji ailerons 
free has l)een treated in reference 1 as aji adjunct to the 
invest i^^uLioii of olo viator- and rudder-free motions. More 
recent ( level op men Is in aileron desiirn have led to an increased 
interest in the |)ossible elFects of positive floatinfr tendency, 
that is, a lendejicy for the ailerons to move downward as 
I he an(j:lG of attack is increased. Oscillations observed in 
fhp:ht have been thouf^ht to arise from this condition and 
have sui^gested tiic present more tliorousjh investigation, 
iji which particular attention is given to the motions when 

743972—47 



the floating tendency is [)ositive. The j)reseat analysis is 
intended to supersede completely the aileron investigation 
of reference 1. 

Iji the present analysis the equations of motion arc first 
written lo include all lateral degrees of freedom — side- 
slipping, yawing, ajul rolling — and movement of the ailerons. 
Anumericid example is then used to show that the important 
information concerning the motions can be obtained by 
investigation of tlie rollhig and aileron motions alojie, 
although a somowliat modified ijiterpretation of the results 
may be indicated. Because most ailerons are mass-balanced 
about the hinge axis to avoid flutter, the mass-moment 
parameter representing the effect of rolling acceleration 
on the aileron position is also omitted from tlie bulk of the 
analysis. With these simplifications it then becomes 
possible to derive, iji terms of the remaining aileron and 
airplane tdiaracteristics, general formulas for the rate of 
damping of the oscillations, where oscillations exist, and 
equations expressing the conditions for stability. The 
hingo-rnomcnt characteristics of the ailerons will be con- 
sidered the principal variables. 

Charts will be presented to show numerical results in 
certain cases. In these examples the effects of the mass 
characteristics of the ailerons, which cannot readily be 
expressed in general formulas, will be investigated. A 
discussion of the effect of friction in the c{)ntrol system will 
also be included. 

SYMBOLS 

Airplane characteristics: 
m mass of airplane 

kx radius of gyration of airplane about airplane A'-axis 

kz radius of gyration of airplane about airplane Z-axis 

b wing span 

c mean wing chord 

S wing area 

.1 wing aspect ratio (b^jS) 

A wing dihedral, radians 

Aileron characteristics: 
nia mass of aileron system 

ka effective radius of gj- ration of aileron system about 
hinge axis 

5 distance from aileron center of gravity to hinge axis 
(positive when center of gravity is behind hinge) 

I 



2 

.7 



iii:iH)irr xo. 



-XA riONAL ADMSOin ( () M M riTi:K lOK AKKON AI TICS 



(lisLaiu'o fi'oin ailiTOJi cimiut of gnivily lo piano ol 

symmiMrv of furj)|jiiu* 
spaiiwiso (iisliuu'i' ustul in ('omp\ainjj;: to include the 

ollVct of rolliiii:; ihusjJl- -^/'^'"^ 

h,t span ol" nilcM'ons 

('„ rool.-iiu'aii-s(jiiaro ail(M-oii clionl 

Syiuhols used in (Uscrii)inir motions (all ajiirlos aiv in 
radiiins): 

ij ac{'('l(M"ation of irravity 
f) density of air 

<j dynamic pressure (^.^pV-^ 

\ ' sleady-ilip:lit speed 

.V disUmce idon^ liidit I)iitli 

/* ilislanee aloiijr lliirlit path traversed during one oseilla- 



tion, seniispans 



C') 



sideslij) velocity (positive to riglit) 
an<xle of attack of \vin<^ 

eU'ective an^le of attack due to (lap deflection 
an<rle of sideslip (positive when sideslipping to rij^ht) 
anjric of yiiw (positive wIkmi nose turns to rij^ht) 
ant^le of roll (positive \vh(»n right wing is down) 
total angle of aileron deflection (positive with right wing 

down) 
rolling velocity u/^M) 
yawing v(»locity (d^Hdt) 
Y side, force (positive to right) 
A'' yawing moment 

L rolling monu»nt in rolling-moment eoeilicient; lift in lift 

coellicient 
// hinge moment 

Nondimensiontil quantities: 



Spb 

ni 

Sph 



airplane <lensity parameter 

airplaiu' moment of iiu'rtia abo\it A'-axis 



airplane moment of inertia about Z-axis 

aileron nionunit of inertia about lunge axis 

nmss-nu)ment paranu»ter, hinge axis. (Non- 
dinuMisional cxpfcssion forefl'ect ol" itierlia 
of aileron system in causing aileron <U'fli»c- 
tion when airplane is accelerated in roll.) 

For ailerons alone, ^^J/^ -^^ ^ V' 



if ratio of flap chord to airfoil chord at a given section 
D = 



^ difi'erontial oj)erator. In particular, 



D<i>= 



\ loot of stability i'([uatiou 

-f/ real [)art of X, pioport ional to i at<M)f dami)ing of mot ions 
// magnitude of imagimi ry part of X, proporti{)md lo Ire- 
(|ueiu;y of oscillations 

yawing-monu'iit coellici(Mit (^^^^-^^ 



(\ iolling-ju(Muent cocllicieni (,^s;/^) 
(\ liinirc-moment coefficient / \ 
( \^ lift coeflicicjit (^^^•) 

Cy side-force coeflicient i^^y;^ 

Subscripts attached to nionu*nt coe(Iici(»nts indicate the 
partial derivative of (lu> coeHLcietiL with respect to the 
(quantity denoted l)y I hi* sul)scri[)t. In ])articular, 



65 



hinge-juojnent coeflicient due to unit aileron dellec- 
tion,or restoring tendenc^y. ]{estoring tendency 
is positive when surface is overbahuu-ed 



f ha 



hinge-moment <'oeHicient due to unit change in 
local angle of attack, or floating tendency. 
Floating ti'ndt'ncy is i)ositive when surface lloats 
against the relative wind 

dC 

f 'ft/jj -^y^^ hinge-inom(>nl coellicient due to unit rate of 
deflection of ail(»rons (geiu'rally the aerodynamic 
damping, but may inchuie viscous friction in 
the control system) 



rolling" moment duo to unit aileron deflection, or 
efi'ectiveness of the ailerons in producing roll 

(d/^sO ^^^^^^ ^* additional lift tlue to angular velocity of flap 
caused by acceleration of potential flow 7'^ of 
reference 2) 

(n/ic) P"'"t of additional lift tlue to angular velociiv of 
\dl)6 //I ' , , , , . . ^ ' 

flap caused by ellective increase m camber 



l'^ of i-efereuce 2^ 



(d/m) '^'^'^ hinge monu^nt du(* t-o angular velocity of 
flap caused by accehMation <tf i)otential flow 



( 



-7'. 7n 



where 7 4 and 7 n are given in reference 



^0 



(dLs) ^^'^'^ hinge moment due to angular velocity of 
" flap causeil by effective increase in camber 

C^TT^T^^ where 7\i and Y'l^ are given in reference 2^ 

The variable I)<f> is hehl <'onstant in taking the partial 
derivative with n^spect to 5 or IJ6, which is equivalent to 
holding a constant. 
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Tlio followini): symbols arc adoptctl hcciiuso of roiuiuon 

or, 



- ""^^^^ juM'0(lynaini(' dampiitir of tlic airplano in roll 
21' 



'" ^ //// ' ^ rb . rh 



ANALYSIS 

KtJUATIONS OF MOTION 

Tlio ^('ii(»nil (filiations of lalcnil motion with nilrrons froo, 
couplinj^ tlio rolliiitr motion of llir airplane witli tlir yawing 
and sidcslippinix motions jind with tlic movomonts of thf 
jiilorons follo\vin*r a small (listurbancc, tuv as follows: 



m {v + T V) - ^ §5 ~ 



diV_ 

dL 
dif> 



„ _^ ^ _5 ^0 



06 



(1) 



m.^.' 6-0 -^^^6 -^ + 0 ^==0 (4) 

whore the dot over a quantity donotos its <lerivativc with 
respect to time. 

For small andea of sideslip, r^^V, Dividing equation (I) 
by qSf equations (2) and (3) i)y qSh, e(iuation (4) by qCa'bm 

and introducinp; tlie nondimensional operator I)- — 

yields the following nondimonsioiud equations: 
(4MZ)-r7K^)/3-rr.0 + 4M IH=i) 

~rv+(2/.v/^-r7;^)/>0-rv;^-(r',„,/^+r\)6=i) 1 (">^ 

If solutions lire assumed to have the form r/*"''^, the 
exponent X must satisfy the stability equation in I) obtained 
by sottinix the determinant composed of the eoefheients of 
/i, 0, I)^, and 6 equal to zero, in the ijeneral ease described 
by equations ('>), the stability e(| nation is of the sixth dcirree 
in X and the si.\ roots may indicate motions composed of as 
many as tlirco oscillatory components. By means of 
simplifyini: jissumptions justified by the examination of 
numerical examples, the stability equation will eventually 
be reduced to n cul)ic. 

PRELIMINARY CALCri.ATIONS 

It is first proposed to simplify the analysis by neglect in jj: 
the coupling between the roiling motion and the yawing 
and sideslipping motions. In order to test the validity of 



such a treatment, two sets of calculations have been made 
for a specific case, one set including the cross-coupling, and 
one set considering only tlie rolling and aileron motions. 

Numerical values assumed. — The airplane characteristics 
assumed are given in table 1. A lift coeflicient of 1.0 was 
chosen to magnify any differences between the two results. 
TIu^ stability derivatives were (jbtained. with the e.\ce[)tion 
of C,^^, from table I of reference^ The value of C'/^^ was 
taken from reference 4, on the assumption (»f a 2:1 taf)ered 
wing of asjHict ratio 0. The mass eliaraeteristies are 
intended to be representative of a conventional pursuit- 
typo airplane. 



TAIiLE I. -ATRPI.ANK 

Wing characteristics: 

Taper ratio 

Aspect ratio, .1 . , 

Diiioflral aiiKlo. \. (ie«>:re(»s 
I.ift-curvo slope, CV,,-- . 

Mass characteristics: 



(IIAKACrKULSTlCS 



2:1 



12. 5 

0. 3 

1. T) 



Stability derivatives: 

0. 0(i7 

-0.053 

-0. 109 

Ctg -0.088 

Ci^ -0.450 

C,^ 0.250 

Cy^ -0. 41 

The aileron characteristics assumed are for IS-pereent- 
ehord ailerons covering the outer 40 |>ercent of the wing span. 
The values of the derivatives are listed in table II. The 
ailerons were assumed to be mass-balane(»d ; consequently, 
{ = 0. The moment of inertia of the ailerons was also taken 
equal to zero. (The validity of a comparison made on the 
basis of zero moment of inertia will be cheeked in a subse- 
quent section.) The hinge-moment parameters and Ca, 
were retained as the [)rineipal variables. 

T.MiLE II. -AILKIION CU.VRACTKRISTK'S 







Valine 


Doriva- 

tivo 


Kxplanntian 


l.'i-pl'fOMU- 

chorrt 
ikiU'ronii 


:Hi-P*'ro'nt- 
ailrrons 


O, .... 


Krom flKiirc 10 of roforonr(».').« ith k'*-^ nhtfunod 
from rtnpiric.i! ciirvp of Wfixirv. I hi'rt'in 


-0. 


-0. ir^i 






-0. 01 ;( 


-d 021 




<""! 


r,, - - f X f ( II pforcneo fi. p . 107 ) 


0. 0248 


0. 0218 




^ -ni= -^'wX 1' f^rrrur <>. |). 107> 




i). {m 




ForrrictUmli'SSsystrm. (^rc fle. 1 for rorniukii 


-n. iHi 






("onsidoriid nPKliRibli' 


It 


0 








C ^.^J',^ c'a.^ Vmm an iinpiiblislUMl una lysis 


0. (W c\ „ 


0.72 C»., 


(■«)rrWiitine wiinl-tunnt'l and fli«ht-tosl iLilii. 








r.,-r,. 




o.oH7;t ( \ ^ 
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THEORETICAL I X\ KSTK -ATIOX OF HOLLI\(i OSCILLATIONS OF AIliPLAXK WITH AH.KUOXS KRKE 



Nature of the motions, four degrees of freedom. -The 
cornposition of the motions, as iniliratotl i)y the roots of the 
stabiUty o<j nation for various combinations of (\,^ and 
(\^, is ([escri[)0(l in liirure 2. Witii /„ and t (Mjual to zero, the 
stabihty ecfuation for this fiirure is a quintic and (here 
are, therefore, live roots to be aeeountcd for. It is possible 
to consider separately one real root: this root passes throujrli 
zero alonj? a line dosiirnatod in liirure 2 as the spiral diverjrence 
boundary. In tlie repon around tlie positive C^^-axis the 
remaininir four roots form two complex pairs, indieatin^r 
tluxt the motions have two oscillatory components. Alon<r 
tho loiiir-dashed curve one oseiliation disintetrrates into two 
aperiodic mtxles, diverirent or ronverjrcnt aeeordinjrly ns tiic 
oscillations are stable or unstable; at all values of (\^ and 
outside this curve the motion is composed of one oscilla- 
tory mode, which is almost always stable, and three non- 
oscillatory components. Inside tho curve, tho two oscillatory 
components arc stable so lone: as is nefrativc. As i-f,^ 
becomes positive, instability sets in, as indicated by the 
oscillatory stability boundary. In general, only one mode 
becomes unstable; the same oscillation breaks down into 
two aperiodic modes at a slightly larger value of T^^. In 
a small region (AB in (ig, 2) defined by the intersection 
of the two branches of the boundary, both modes arc tm- 
stable. This detail and others occurring outside the stable 





rroURE 2.— Character and stability of tho coui{)onents of the motions found by s^jiuiion of 
the equations before the eUminalion of sidcshppinc and yawine. fShadlng indicates the 
unstable recion.) .\ileron chord, I.ViJorcent airioil chord; f = <i: /, = (»; dihedral angle, 5'; 
0. = l.u. 



Figure :j.~Katn of diverEonw, as indicated by the vaUic of the pO!»itlvo real roots of tho 
stahiUiy o<i nation. Aileron chord, l.^iiercent airfoil chord; f-i); /<-0; dituxlral aiiRlc*. 5° : 
CV,-l.». 

region, (U- near the boundary, are not considered of any 

practical importance; they are mentioned in order to answer 
questions that might otherwise be suggested by inspection 
of the figure. 

Rate of divergence, four degrees of freedom. — Inasmuch 
as figure 2 indicates that the motions will bo unstable for 
most combinations of values of (\„ and ( '^j. it seems advisable 
first to examine the nature of the divergent instability, which 

a[)pears almost unavoidable. The condition for neutral 
stability (zero root) is that the constant term of the stability 
e(i nation vanish; that is, 

The rate of divergence for tho unstable values of Ca„ and 
Chi (f^i* specific case to which fig. 2 pertains) is indicated 
by the lines of equal roots in figure Althou^rh these lines 
appear to go through the origin, each has its intercept at a 
positive value of Ch^ proportional to liic value of the root. 
P'or small values of the root, however, the intercepted dis- 
tance is nesrligible, and the loci may be considered lines of 

constant floating ratio Figure 3 shows that the 

divergence over most of the range of negative C^^ is vt^ry 
slow. This divergence is, in fact, the so-called "spiral 
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f) 

iiistal)ilit y" llial is iicticrally ant icipaUMl by air[)lan(' di'- 
sijxnors. In (Ik* lourili (luadnint, li()\v<»vor. a sudden rapid 
increase in the rale of diverjrtMiee is oi)served, wiiieli corre- 
sponds to a chantreof siirn in the <'oe/fieieMl of X in llie slal)ility 
eriiialion. From th(^ f)ractica{ point of view the float inir 
ratio at which this sudden increase occurs locates the 
sii^nificant "diver*rence l)oundary." A hue llu'ouirli this 
re<j:ion and the oseilhitory stability boundary may therefore 
be considered tiie coniplt»te boundary for stability of I lie 
airplane with all four de<rrees of fn^edorn. 

Equations for two degrees of freedom, —The iuforination 
obtained from caleuhilions ncixleclinfj: the yawin.ir aiui si(h'- 
siippinjr motions will now be considered. The (H|uationa of 
motion simplified (o include oidy couplinjr b(Mw<M'n rollinjr 
and aileron motion are na follows (nondimenslonal form): 

and the stability e<|uation is 

+ (Oifi,„-(\fi,„^)=0 (7) 




KK 4.— ( 'tmrjictiT !Ui(l stiihility of the com poiicnt s of tho motions with rou[)linK only 
hi'tu-pcii tiilrron inovctinMUs iiimI rollitiK aticle. Aih-ron chord, IS-piTCont airfoil chord; 
£ = ()■ /,='!. 



Nature of the motions, two degrees of freedom. I''i>r tiie 
case (li'fiiKMl by tables I and II, the mot i(uis are as described 
in liirur(^ 4. TIk^ stability <'(|uation is a cubic, and there is 
ajrain oiu* real root, which becomes zeio at the diverirence 
bounihirv. Tin* rc^ma iniiiir two roots form a complex pan, 
indicatitiir an oscillatoiw mode, inside lli<' n\irion defiru-d by 
the lon<:-<lash(»d ciii-vtv Outside ibis r-cirion all three roots 
are real and no oscillations occur. The oscillations become 
unstabl(> at a small posit iv(» valtie (d' r,,,^, wliich is almost 
indepcMident of the value of 

Comparison of results, two and four degrees of freedom. 
The results of the two eom[)Uta t ions can nowjbe tested for 
ajrreemetit. Comparison of figures 'Z, .">, and 4 stijrfiTcsts that 
the efrectiv(» divergence boundary of the cross-couph'd 
motions (shown by the d<»tte<l line in fiir. J) may be assumed 
to coinci<le with tlu* true div(*rirenc(* bouiulary in th(» simpli- 
fied cMse. Tims, when* the simplified analysis indicates a 
chariire from stability to instability, (here is a<'tually a 
sudden transition from a slow (livtM'jrence to a rapid one. 
The comparison may Ix' extended into the first (piadrnnt of 
the charts. Here the diver<rence l)oundarv appears, in the 
mor(» exact analysis, as a branch of I he boundary between 
(lam[)ed and undamped oscillations (line OA, fi^;. 2). The 
oscillations are. however, on the point of iH'cakinjr down 
into aperiodic modes and the instability would in practice 
b(» indistinsrtiishable from tnnform diver<rcnc{\ In ncconl- 
ancc witii tlies(» observations (he litu* of zero roots obtained 
from the simplified analysis will l)e termed tlie '.Miver«rence 
boundary/* with the understandiufj: that such a (h'sipiation 
is strictly true only when the cross-couplinsr is no^^li^jible. 

Ktirthor comparison of fifrurcs 2 and 4 shows that llio 
oscillatory stability boundary of (he simplifie{l treatment, 
altiiouijli shifted sliirlitly by the introduction of the addi- 
tional dcirrees of freedom, is so little altcr(»d that it also miiy 
bo retained as part of the stability boundary. Moreover, 
tlic |)osition of the line enclosinjr the oscillatory roLMon 
remains essentially unchanged and still indicates the values 
of tlie hintrc moments at which one oscillation breaks down. 
It nuiy therefore be concluded that, except for the [)resence 
everywhere of an additional ujode of o.scilhition to l)e dis- 
cussed subso(piently, tho broad aspects of tho solution for 
the more complex case may be <leducod from tho results of 
the simplified analysis. 

(\)m[)urison of the roots at a nund)er of points s[u)\\s that 
the results of the two calculations are in close (juantitative 
airroomont, also, with re<rard to the oscillatory mode com- 
mon to both analyses. Thus, both the period and the dami)- 
inir of the oscillations of (Uio mode can b(» obtained from the 
restdts of the simplified amdysis. 

The oscilhitions of the .second mode have both dampniir 
and period virttuUly independent of tho hintre moments of 
the ailerons. In the case chosen for illustration the peno<l 
is of the order of ;>() somispans, or, if tho span is 40 fool and 
tlu^ win<2: loadinp: 40 |)ounds per stpiare foo^. al)ont 
seconds, throughout the ranire of (\,^ with nepitive: tlie 
motion damps to half am[)litude in the course of one oscilla- 
tion, iiecausc tho aileron characteristics are not involved 
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;itul hocause of t\\v nia<:nitU(ios o[ the period nnd djmipiiiir, 
this ni()(k' ap|)oars to bo the iioriniil lateral oseillatioii o( the 
air[)hino with controls lixcd and as such is treated elsewliere 
in the literature. For the assiinied airphino tit is mode does 
not })0('onie unstable anywhere within the reirion indicated 
asstal)le by the sinipHfied analysis. 

Effect of aileron moment of inertia on cross-coupling, i t 
s(*onis (lesirahie to clieck th(^ foroiroiiii; conclusion airainst 
results obtained with tlie nioinetit of inertia of the aileron 
system retained in the (M(uations. For this purpose. th(* 
roots of the stability e(i nations have been calculated at 
( (1.15 and ( '.^ - (M)l>, -0,1, -0.2, and -O.-'i, with /„--().()2r). 
With four dejrroes of freedom, the stability equation has six 
roots. Of these, one root indicates tlie spiral mode and, in 
the unstable rei^ion, has the same values as are iriven l)y 
(i<r!n'e ;^ for the case with zero moment of inertia. A second 
real root corresponds to the real root of the simplified e(pui- 
lion. The four remaininc: roots form, in jjeneral, two oscil- | 
latory pairs. These roots arc compared with tiiose of the \ 
simplified equation in the followinj: table: 





Two <iotinM»s of fm-- 
■Idfir. /<,=0.n2/i 


Kfitir (ll■«r^^'S iif frci'ilom. /, --().( 


0, »»2 
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-. 1 


-1.043 ± .h4:ji 


- I.IIM ± .s:a\ j 




-.2 


-1.(177 rfcl W2i 


-l.imi 4:1. MMi i 




- :{ 


-\.m\ ±2. \m 


-l.lIKi ±'J, 1 

i 


-.()241db IWi 1 

1 



At C, 1^ = 0. 02, where the periods ar(» of the same order of 
ma^?nitude, the effect of the cross-couplinj; is seen. Klse- 
where ihe period and dampinj? in botli calcidations ajrrce 
within 1 ])ercent. It ai)pears reiisonai>Ie to conclude that 
tlie stjitements of the precedinjr section iiold in spite of tlie 
omission of the aileron moment of inertia from the calcula- 
tions. 

SIMPLIFIED ANALYSIS 

Tsirif^ the reduced form of the stability equation makes it 
possible to invesli<rate tiio effects on the stalnlity of the air- 
plane of varyintr I lie aileron chara<*t eristics, and vvvu to triv(» 
certain <i:en(M-al formulas. Because most modern airj)lanes 
are <lesi^ned with ailerons completely mass balanciMl. these 
formulas may b(* still further simplified by assuming f e(pnil 
(o zero. 

Aileron-free oscillations. — The oscillations associatcMl 
with freeing: tJie aileron controls can now l)e investipited in 
(nore detail. If a pair of roots is assumed in the form 
\-=— ^/i/^;, a relation can l)e <lerivcd j^ivinjr the frequency 
n in terms of the coefficients of X in (»(|inition (7). This 
relation is too liMiirthy to be presented in its (^(Miornl form; 
howev(»r, calcidations have b(»en ma(h» from it and lh(» re- 
sults will be shown in tbe form of lines of equal period 
/*^27r//i on the stability charts. 

The dampintr of the oscillations is more readily expressible 
than is the [)criod, particidarly if a fixed valu(» of the fre- 
quency is assumed, ^^oreover, calculations of tlw^ (lam[)in<i: 
for zero frequ(>n('y and for the hi«rhest frequency lik(^]y lo be 
(Micountered in practice showed that the ex[)ression could be 



still further siniplitied by omitiin<r the K^-ms containinjr the 
fre(piencv and (-f,^^ (since these lerms appanMitly {-anceled 
each other) without any appi-eciabh* loss in accuracy. Thus, 
with ^ e(pud to zero, the dampiuir a is. to a irood approxima- 
tion, tlu; smaller root of the (pi ad ratio 

which is independent of T,,^,. 

At the stability boundary, the dampinsr a is zero, and, 
therefore, 

C.,-^^'/j^' (0) 

approximately. 

The more accmate expression for this boundary is obtained 
by settinjj: lioiith's discriminant Q([\ud to zero. The result 
is a linear relation between C,,^ and \ that is, 



KhI'l) " 2I^\ 



(10) 



Fij^iiro 4, however, shows the variation with Ch„ to be 
actually quite small. 

Stick-force criterion.— The div(»rirence boujuiary is ob- 
taincMl by setting; tbe constant term of the stability equation 
I ecjual to zero: then, 

wrwijc;^ ^^^^ 

'Plus coiulitioii for tu-utral stal)ility is idcntioal with tlic 
(■({uatioii for zero slope of the liiiigc-moment curve: 



dC,__ dD<l, „ 



(12) 



an<l is therefore also identified with the condition for zero 
stick force in pure roll or in a raj)i(l rollinir nutnouver. Inas- 
I much as the stick force per utiit dellection of the ailerons is 

I proportiotuil to ^^-.^^^^ lines of constant stick force arc obtained 

! no 

• by replacin<r the zero in eqmition (12) by appropriate eon- 

I stants. The rollinir effect iveness» *^^J^ '^-'ify ""it nilf^r"" 

I defleetion, is inde|)endent of the hin<re moments; the ecpiation 
i for constant stick force therefore results in a family of 
I straiirlit linos [)arailel to the divertrenee boundar>M)f o(jua- 
I tion (11) and the criterion for liijht stick force for Lnven 
I aileron dimensions and ellectiveness is the closeness with 
i which that boundary is approached. A comparison of one 
I aileron with another, however, shows that the stick force 
will also be proportional to tlie value of cA. 

Method of investigating the effect of friction. -When the 
effect of friction in the control system is considered, it is 
necessary to distin<ruish between two types, viscous friction 
and solid friction. Viscous friction, which varies with the 
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speed of the Map delleotion. is exiictly (vpiivalent to iui in- 
crease in heretofore eonsidered to be due only to the 
aerodyiniinie danipin<r of the tiilerons. Solid frietion nets in 
a more eoinplex way hut may he a pi)ro.\in) a ted hy an 
e(juiv!ilent viscous (hnnpiiiir. the amount v:iryin£r inversely 
with th(* amplitude of the dellcction. (A more detailed dis- 
cussion of this approxinnition is <j:iven in referenc<» 7.) 
Thus, ill the course of a damped oscillation, for example, 
tlie apparent i'f,^^^ increases an<l the (piestion of the elleet 
of the friction reduces to the (|iiesti(m of whether an increase 
in (\,,)^ is stabilizinsr or destabilizintr. 

EXPLANATION OF ( HARTS 

The stability charts {(if:s. .1 to 0) arc intended both as 
illustrations of the application of the preeedinjr fornndas 
and as workinir charts from which the ix^havior of n particular 
set of ailerons on a conventional airplane nniy be predicted. 
I f the analysis is to be applied to an airplane havinjr stability 
chnractcristics tluit represent w considerable de])nrttn'c from 




Ihose tabulated herein, it will |)robahly be advisable to 
calcidate the nature of the motions from tlie ireneral fonmihis 
{ecjuations (7), (S), (1(1), and (I 1 )). 

FiLTures ") to 0 show the oseillatory rei^ions an<l lines of 
{Mjual period in tliose rcLnons, as well as the stability bound- 
aries for aiUM'on-fjvi^ motion. (The ilampinsr (^f the oscilla- 
tions is shown separately in fiir. UK) Fissures 5, (i. and 7 
show the results for I o-percent-chord ailerons with three 
diHerent moments of inertia coverinir a wide raiiire of values. 
In all other respects the ailcMons are tliose |)reviously used 
as a basis for tlie preliminary calculations. The airplane 
characteristics are those iriven in table 1. Fiirures S anil 9 
present stability rci^ions for :iO- percent-chord ailerons of the 
same eirectiveness /"/^ as the J '>-j)ereent-chord ailerons of 
lijrures 5, (>, and 7. Tlie span for tlie wider ailerons would 
be 2S percent of the winir span, as a«xainst 40 percent for the 
narrower ones. The other characteristics of the ;i()-[)ercent- 
chord ailerons are listed in table II. Two values of L are 
presented for comparison. The airplane characteristics are 
not ehansrotl from those of table 1. 




— Slubility hniiiidarics, lines of equal period, and lines of I'niml stick force for l.v 
I>f>rct»iu-t'liord fiilcrons. £ = i>; = I'criod P is in wint; scniispniis. 



Fnil'KE *j. 



O 

-Shibility houndarios and lini's of e*nml i»t'riod for l.>[»»'rcvnl-chord ailt-rons. 
/« = i).(n2.'i. IVriod /' i.s in wintr siMnispiin*;. 
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KluuKB 7.- Stability boundaries ami lines of ctjuol period for l5-iK'rcont-chorU ailerons. 
^-0; /, -0.025, Tcriod I* L<? In wins semiapans. 

Ln fijjfuros o to 9, tlie value used for the aerodynamic 
(lampinfr of the aileron motion (.^^j is the theoretical value 
for unbahuiced (laps (fig. 1). The value of C\^^ actually 
varies witli the amount of balance and is therefore not con- 
stant for any one chart. Moreover, the variation depends 
on the manner in wiiich the balance is obtained. The varia- 
tion is, however, slifi:ht in any case — less, for example, tluin 
tlie amount introduced by friction. (If balancinjr area is 
added ahead of the hinge, complete balance involves approxi- 
mately 15 percent reduction in from the theoretical 
value.) The variation of with ('h^ and (\^, therefore, 
need not be incorporated into the charts. The effect of a 
cluinge in C^jy^ may bo estimateil by a comparison of fi^rurc 
with lifrure and of figure (> with fip:urc 0, inasmuch as the 
principal difference between the calculations for the narrow- 
and wide-chord ailerons of the same eifectiveness is an 
increase in 6\^j^. 

The relative majrnitudes of the stick forces for tlie nurrow- 
and wide-chord ailerons are indicated by the spacinir of the 
lines of cfpial stick force in (igurcs and S. Tlie hinire 
moments arc expressed in these lij^ures in terms of the mean 




I'Hil'RK H.— Stability homiUttrlcs, lines o[ oquai period, and lines i>( ccjual slick force for 30- 
perci'ni-ehonl ntUTons. (=»n; -0, IVriod P Is in wine sciiiispans. 

wing cliord in order to make possible a direct comparison of 
actual forces. As previously noted, all the lines are parallel 
: to the line of zero stick force, that is, to the divergence 
boundary. 

Figure 10 siiows the distance re(|uired for the oscillations 
to damp to one-half amphtudo. This distance is 0.693/a. 
1 where a is given by efpiation (S). .\ single value of In was 
i selected, and the distance to damp to one-half amplitude 
was plotted against for several values of The 
ligure was designed primarily to serve as the basis for the 
discussion of tlio eilect of friction and is, therefore, more 
I general tlum the preceding charts. The damping for If)- 
\ I)ercent-cliord ailerons without friction is also sliown, how- 
ever (to he applied to fig. 0), and the damping for :iO-percent- 
I chord ailerons, — 0.025 (to be useil with fig. 9), may be 
I untierstood to coincide with the line for (\j^^^~0.2. The 
] inclusion of lines for other values of /„ wouhl not affect the 
! conclusions to be drawn from the figure. 
I In feure I I the stability boundaries are shown in the same 
I form as in figures 5 to 0 for values of ^ varying from complete 
I balance (^^0) to a value roughly corresponding to that for 
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Knit KK y. SinhiUty iKiundiiiU'S aiui iini\H n( vqunl jx riod for ;fi)-[»«'rn'iu-cli(ml aiU'ron.s. 
{-(I; /^ud.Dfi. lVri«>il /' Is in wmR soinispBiis. 

an aileron witli con Km* of jrravity 20 percent of its chord 
l)oliin(l the liinp:o (^-—0.0). From equation (7) it can be 
seen that ^ does not enter into the stick-force criterion. 
Routh's discriminant, iiowever, is derivable as an essentially 
linear relation between and ^ Althoui^h tlie boundaries 
shown are for /« — 0.0125. they are practically invariant with 
the moment of inertia. The eli'ects of increasing: the (hinip- 
inir of the aile rons or ^ /,p^ iind of chun^inij ^ ure substantially 
additive, neither chantxe ailectinir the variation of critical 
C,,^ with the other varial)le. it may be jxenerally concluded 
from fiirure II, therefore, that the presence of unbalance<i 
mass behind the aileron hin«ro restricts the permissibh' dej^rec 
of aerodynamic balance. 

DISCUSSION OF RESULTS 

OSCILLATOIIY MODKS 

Oscillatory regions. — It may be seen from the fii^ures tliat 
in all cases roUinij: oscillations (in addition to the normal 
lateral tnode) will follow a disturbance if ('^ is small and 
C',,^ is f)ositive. From hirures 8 and 9 it may be concluded 
that the ranire of ^ aj for which oscillations are {)ossible in- 
creases with the width of tlie ailerons. As previously su*:- 
irested, fi«;ures S and 1) may also be understood to indicate 
the increase in the extent o{ the oscillatory re<rion with 
increased ^ tlue to any otiier cause. 




Kicii'iiK 10. -DiiinpiiiK nf the oscillations iin'H.Min'd liy the ilistnncc rftimnMl to iliiriip 
to linir ninpiitndi', in wine ■^•rni^^l^ar^.s, for ailiTons with vtiiiou!" vnliics i»f f'*„, .Muss- 
f ■(„ 
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Sliihility homidiinr^ for l-vpi'ici'iii-chdnl iiiliTDns. >lit)w:nii tho oiTwt nf viriii- 
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Effect of /,,. ( '(HiipjiJ'ison of liiruros (i, miuI 7 ntul of 
liiiuivs S juul 9 siKtws thnt tlio inonioiit of iiUM*tiii of tlio ' 
jiilomtis introtiiMMS n sccoiul oscillatory roirioii. On fiirtlior ■ 
invest illation, tlio oscillations in this rcsrion are fount! to be 
very rapid Imt well damped. Both danipins; and ])oriod 
depend almost erjtirely on the tendency of the ailerons to : 
I'csisi delU'ction. as expressed by r^^, ('i<ni^ ^^"^^ ^'j*-' inouient 
of inei'tia /„. (S(*o section entitled "KllVct of aileron moment j 
of inertia on cross-couplitii;" for values of the roots in this I 
rejrioiLj The motion is thciefore ititer[)rcted as a ilappinir | 
movement of the ailerons inicoupled with the motion of the | 
airplane. Tliis mode is so well (himped (maximum distance 
((J (himp to half anipiitU(U»---().h;i semispan in the raniro con- 
sidered) as to he of no practical importance and further 
discussion will therefore hv limited to the rolling oscilliitions 
<tccurrintr in the neiirhborljood of (),^~{). 

Period of the aileron-free rolling oscillations. — The period 
of the rolliiii: os< 'illations depends to a iar^^e extent on the j 
lloatinir teiulency of tlie ailerons. When (',,^ = {)A, for ex- 
am [)le, the f)eriod for narrow ailerons nniy be of the order of 
15 semispans. or, if the airplane is traveling: at 400 feet per 
second aiul has a 4{)-foot win*; spun, threc-(nnirtcrs of a 
second. In the case of wider ailerons or of ailerons with 
smaller positive lloatinjj: tendency, the period is considerably 
lonfror. 

DAMPINCi OK OSriU,ATIONS 

It is perhaps prefenible to consider the period in conjunc- 
tion with tiie (hunpinj; of the oscillations. Tlie distance 
recpured for the oscillations to <hinip to half amplitude is 
shown in iiirure 10. Application of fit^urc 10 to the precodinf; 
lli^ures indicates that, so h)nK as is nepitivc, the motion 
dam|)s to half amplitude in a fractioti of an oscillation. If 
the ratio ('hJ^'iiDi '^^ in the tu'iirhborluKxl of 0.;^ t)r i:rcater, 
the ratio of period to damping distance is so larjre as to make 
the motion in effect a uniform sid)sidence. 

Effect of airplane characteristics. — It shouhi he re- \ 
mend)ered that the precedinjr conclusions are based on i 
computations for a [larticular airplane and are not qnanti- \ 
tatively applicable in jreneral. If the ratio of dampin*r in 
roll to moment of inertia in roll (\Jlx is nmncrically irreater 
tlum the value of —0.4 assumed for the example, the dampinir 
of the oscillations will be more rapidjthan is shown by ii<rure 10. 
hi addition, the bouridaiy will be shifted to the ri^ht, with 
the amount of positive T,,, allowed increased proportionately 
to the iiu'rease in f\JIx ((*<jinition (U.)). 

With the exception of the considerable effect of imbaianced 
mass, shown in fiirinv II, no factors otiier than those just | 
discussed enter critically into tlie (hini()inir or stability of the j 
os<'illatory nuxle. The effect of variations in floatinir tend- | 
eiicy can be seen in lijrures o to t). where lines of equal 
ilampinsj: would be very nearly parallel to tlu> oscillatory 
stal)ility boimdaries. The parameter C,^, the aileron eii'ect- 
iveness. cnteis into tlie e\f)ression for the stabihty boundary 
(erpuition (10)) in combination with C,,^ and has similarly . 
little influence on it. (It nuiy be noted here that the I 
|)eriod of the oscillation is also affected by a <'han£ro in r,^ in | 
rou*rhly the same way as by a proportiomite chanire in i 
^'t.^-) The moment of inertia of the ailerons appears in i 



cipiation (S) for the dam[)inir, acting to reduce the time 
recjinred for dampintr to half amplitude. The clfect of 
on the position of the boundary (zero dampin<2:) is. how- 
ever, ncirlifrible, as may be seen by c<)ui[)arinir fiirures 5, (>, 
and 7, and fiirures S and 0. 

I:KKK<'T of KinOTION 

The effect of viscous friction in the control system, as has 
been noted, is merely to aui^ment the resistance to tiie aileron 
motion as expressed by The result nuiy be seen in 

the charts for increased aileron chord (fiirs. JS and 9). Oscil- 
lations occur over a wider rariire of ( '/^^ than with a frictionless 
system. Also (from fiir. 10) the rate of dampiiiir is <xeneraliy 
lower, when ( is nejrative, because of the phase lair between 
<5 atui l)b\ however, if C,,^ is positive, the adilitional tlainpinir 
will retard the motion and extend the ransre of stable 

If soliil friction is present, the elfective value of Chi^^ will 
*;radually increase as the oscillations die down -accord inir 
to the approximate theory, approachinir infinity as the 
anipUtudo approaches zero, but in actual practice eausinir 
tiic ailerons to stick at some small an.irle of deflection. 
Wliile this chanp^c in effective ('^j^^ is takins; place, the rate 
of dampinp: will slowly decrease or increase, accordinjrly as 
(\,^ is negative or |)ositive, and will approach the rate cor- 
rospondinj? to the ailerons-fixed condition, as shown by 
figure 10. In no case \\'\\\ oscillations of increaainjr amplitude 
occur because of the presence of friction if the ailerons are 
otherwise stable. Moreover, because the damping ap- 
proaches a linitc (nonzero) rate, there is no possibility of 
steady oscillations, such as occur in the rudder-free comlition 
(reference 7), 

CONCLUSIONS 

1. The stability of an airplane witli ailerons free may be 
determined to a very large extent without regard to the 
cross-cou[)ling between the rolling motion and tlie yawing 
and sideslip[)ing motions. Neglecting the yawing and side- 
slipping leads to a simplified analysis that does not predict 
the occurrence of s jura I instability. The simplified analysis 
does, however, predict the values of the hinge moments at 
which the instability bect)mes violent. Also, the simpliflctl 
analysis will not include the nornuil lateral oscillation of the 
airplane with controls fixed, but the stability of this mode is 
not affected l)y freeing the ailerons and that phase of the 
I)robleni is outside the scope of the present investigation. 

2. Divergence, or an unstable variation of the control 
force with aileron deflection, is the only form of instability 
lik(^ly to occur- in the casi* of mass-balanced ailerons with 
negative lloatmg tendency, e\ce[)t for flutter, wiiich is not 
considered in this analysis. The use of ailerons with con- 
siderable tendency to float against the wind, however, 
introduces the possibility of oscillatory motion with the 
ailerons free and, if the ailerons are aerodynamically over- 
balanced, of oscillatory instability. The unstable oscilla- 
tions exist in addition to the ru)rnud rolling-yawing oscilla- 
tions introduced by the dihedral angle ant I by the directional 
stability of the airplane. 

3. As long us tlie restoring momeni is not completely 
balanced out, the damping of the aileron-fre<» oscillations in 
a mass- balanced system is so great as to make the oscillations 
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:i|)j)t'jir to o( no pnicXicul concern. Tlu' ])i't'S(MR'(» of tin- ! 
I)aliuu'(*(l mass holiintl the hiiiiri'. liowcvtM". nslricts soinewhiit 
tlic permissible de^^ree of aerodyriniiiie })aljui{M\ 

4, Coni|)iirison oi (lie lo-percent-ehonl and oO-percent- 
elionl ailerons shows tliat aerodynaniic overl)alance is })er- 
nussil)l(\ I'roni considerations of stability, in the case of I 
shorter, wider-chord aih*rons if cotisicU'rable positive fioatitiir ! 
tend(»nev is pi*esent. Tlie permitted increase in aerodynamic: 
l)alane<* is not <Miouirh, however, (o oli'sei the ia|)i(l increase 
in stick foi'c(^ witii aileron chord. ()ii th(> other hand, tlie 
osci Hat ions are of consid(»ral)iy h)wer frecpiency for wide i 
aih'rons than are tliose tliat occur at the same stick force in i 
the case of narrower aih'rons. 

r>. The presence of viscous friction in tlie control system I 
has the sani(! (^H'ecl as incr4»asin.<i: the aerodynamic, (hinipin^ 
t)f the aih'rons. The presence of sohd friction in an other- i 
wise stable system has the ell'ect of irradually increasiiiir or | 
(h'croasin^ the damj)ing of the oscillations as their amplitude i 
(h'creases so as to cause the rale of dam[)iiiir with ailerons j 
free to apj)roach the rate with ailerons lixed, \eith(>r i 
instability nor steady oscillations will result from the presence ' 
(jf friction. | 

G, The slabiUty of the control-free oscillations is virtually ! 
iiulepciKlcnt of the moment of inertia, lloatini; tentlency, or j 
eircctiveness of the ailerons. ! 

7. An airplane with a lar^c ratio of {lampiu^^ in roll to , 
moment of iticrtia about the A'-axis permits a closer deg;rcc I 



of balance in the aih-rons befon* oscillatory instability is 
incurred and, with ailentns fn'c. such an airplane is L^en- 
erally more stable than oiu* for which this ratio is small. 
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Positive directiona-of axes and angles (forces and moments) are shown by arrows 



Axis 


Force 
(parallel 
to axis) 
symbol 


Moment about axis 


Angle 


Velocities 


Designation 


Sym- 
bol 


Dcsiguation 


Sym- 
bol 


Positive 
direction 


Designa- 
tion 


Sym- 
bol 


Linear 
(compo- 
nent along 
axis) 


Angular 




X 
Y 

•z 


X 
Y 
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Rollini; 


L 
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Y >Z 

Z *X 

X fY 


RdU 


> 
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u 
(/ 

w 


P 
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. Lateral 


Pitching 

Yawing. 


Pitch. 


Normal 


Yaw 







Absolute coefficients of momeut 

^'-^ES ^""^ ^^-^ 

(rollmg) (pitching) (yawing) 



Angle of set of control surface (relative to neutral 
position), 3. (Indicate surface by proper subscript.) 



D Diameter 

jp Geometric pitch 

'pID Pitch ratio 

V Inflow velocity 

F, Slipstream velocity 

T Thrust, absolute coefficient Or— 



4* PROPELLER SYMBOLS 

P 



n 



Q Torque, absolute coefficient Gj= 



1 hp =76.04 kg-m/s=550 ft-lb/sec 
1 metric horsepower =0.9863 hp 
1 mph=0.4470 mps 
1 mps=2.2369 mph 



T 

. Q 

5. NUMERICAL RELATIONS 



Power, absolute coefficient Gp—'^^^^ 

Speed-power coefficient=-Wp-2 
Efficiency 

Revolutions per second, rps 
j^tan-'l" 



# Effective helix angle— tan" '^^^j 



1 lb=0.4536 kg 

1 kg=2.2046 ib 

1 mi= 1,609.35 m=5,280 ft 

1 m= 3.2808 ft 



